In this paper, we extend relation-theoretic contraction principle due to Alam and Imdad to a nonlinear contraction using a relatively weaker class of continuous control functions employing a locally finitely T -transitive binary relation, which improves the corresponding fixed point theorems especially due to: Alam and Imdad (J.
INTRODUCTION
The classical Banach contraction principle [6] is a pivotal result of metric fixed point theory. Several extensions of this core result are available in the existing literature of metric fixed point theory. Browder [9] extended Banach contraction principle to a class of nonlinear contractions which was later improved by Boyd and Wong [8] , Mukherjea [16] and Jotić [11] . On the other hand, Ran and Reurings [19] and Nieto and Rodríguez-Loṕez [17] extended Banach contraction principle to ordered metric spaces. In this continuation, Agarwal et al: [1] proved some order-theoretic fixed point results under nonlinear contractions employing comparison as well as continuous control functions, which was latter refined by O'Regan and Petruşel [18] .
The aim of this paper, is to extend relation-theoretic contraction principle due to Alam and Imdad [2] to a suitable class of nonlinear contractions. In order to ascertain the existence of fixed points for linear contraction of a self-mapping T , the underlying binary relation is required to be T -closed, whereas for such type nonlinear contraction, transitivity of underlying relation is additionally required. Notice that transitivity requirement is very restrictive. With a view to employ an optimal condition of transitivity, we visited several similar results involving various types of transitive binary relations. Although, all such results are independently proved by their respective authors, yet all such results are in the same mode, which is evident from the fact that our results of this paper improve as well as unify them all.
PRELIMINARIES
Recall that for a given nonempty set X , a subset R of X 2 is called a binary relation on X. For simplicity, we sometimes write xRy instead of .x; y/ 2 R. Given subset E Â X and a binary relation R on X, the restriction of R to E, denoted by Rj E , is defined as Rj E D R \ E 2 . Indeed, Rj E is a relation on E induced by R.
Out of various classes of binary relations in practice, the following ones are relevant to our presentation: x; y 2 X , partial order if R is reflexive, antisymmetric and transitive. Throughout this paper, R stands for a nonempty binary relation but for the sake of simplicity, we often write 'binary relation' instead of 'nonempty binary relation'. Also, N stands for the set of natural numbers, while N 0 for the set of whole numbers (i:e:; N 0 WD N [ f0g). 15, 22] ). Let X be a nonempty set equipped with a partial order . A self-mapping T defined on X is called increasing (or isotone or orderpreserving) if for any x; y 2 X, x y ) T .x/ T .y/:
The following notion is formulated by using a suitable property with a view to relax the continuity requirement of the underlying mapping especially in the hypotheses of a fixed point theorem due to Nieto and Rodríguez-López [17] .
). Let .X; d / be a metric space equipped with a partial order . We say that .X; d; / has ICU (increasing-convergence-upper bound) property if every increasing convergent sequence in X is bounded above by its limit (as an upper bound).
Recall that a function W OE0; 1/ ! OE0; 1/ is called control function if .t / < t for each t > 0: The following order-thoertic fixed point theorem is a consequence of Theorem 2.3 due to Agarwal et al. [1] using a continuous control function. Theorem 1. Let .X; d / be a metric space equipped with a partial order and T a self-mapping on X. Suppose that the following conditions hold:
(a) .X; d / is complete, (b) T is increasing, (c) either T is continuous or .X; d; / has ICU property, (d) there exists a continuous control function such that d.T x; T y/ Ä .d.x; y// 8 x; y 2 X with x y: Then T has a fixed point.
In 2014, Berzig and Karapinar [14] introduced the idea of finitely transitive binary relation and proved some fixed point theorems in complete metric spaces endowed with a pair .R 1 ; R 2 / of finitely transitive binary relations under the class of .˛ ;ˇ'/contractive conditions. Definition 3 ([7]). Given N 2 N 0 ; N 2, a binary relation R defined on a nonempty set X is called N -transitive if for any x 0 ; x 1 ; :::; x N 2 X ,
Notice that, 2-transitivity coincides with transitivity. Following Turinici [26] , R is called finitely transitive if it is N -transitive for some N 2.
Definition 4 ([7]
). Let X be a nonempty set and R a binary relation on X. We say that a mapping T W X ! X is an R-preserving if for all x; y 2 X, .x; y/ 2 R ) .T x; T y/ 2 R:
). Let .X; d / be a metric space and R 1 and R 2 two binary relations on X. We say that .X; d / is .R 1 ; R 2 /-regular if for every sequence fx n g Â X such that x n ! x 2 X as n ! 1 and .x n ; x nC1 / 2 R 1 and .x n ; x nC1 / 2 R 2 for all n 2 N; there exists a subsequence fx n k g of fx n g such that .x n k ; x/ 2 R 1 and .x n k ; x/ 2 R 2 for all n 2 N:
). We say that a subset D of X is .R 1 ; R 2 /-directed if for all x; y 2 D, there exists´2 X such that .x;´/ 2 R 1 ; .y;´/ 2 R 1 ; .x;´/ 2 R 2 ; .y;´/ 2 R 2 :
). We say that the pair of functions . ; '/ is a pair of generalized altering distance (where ; ' W OE0; 1/ ! OE0; 1/) if the following hypotheses hold:
is increasing,
). Let .X; d / be a metric space and T W X ! X a given mapping. We say that T is .˛ ;ˇ'/-contractive mapping if there exists a pair of generalized altering distance . ; '/ such that where˛;ˇW X 2 ! OE0; 1/:
). Let .X; d / be a complete metric space and T W X ! X an .˛ ;ˇ'/-contractive mapping. Let R 1 and R 2 be two binary relations on X defined by x; y 2 X : .x; y/ 2 R 1 ,˛.x; y/ Ä 1 and .x; y/ 2 R 2 ,ˇ.x; y/ 1 satisfying the following conditions:
In 2014, Theorem 2 is refined and extended by Berzig et al: [14] employing a relatively more general .˛ ;ˇ'/-contractivity condition. Turinici [26] also extended Theorem 2 using 'finitely transitivity' in a local way besides generalizing the contractivity condition due to Meir-Keeler model.
Definition 9 ([26]
). A binary relation R defined on a nonempty set X is called locally finitely transitive if for each (effectively) denumerable subset E of X, there exists N D N.E/ 2, such that Rj E is N -transitive.
In a book chapter, Turinici [25] discussed some fixed point results on metric spaces endowed with a locally finitely transitive binary relation. For the sake of brevity, we skip to record the fixed point theorems of Turinici contained in [25, 26] here.
The following notion originated from T -transitive subset of X 2 is essentially due to RoldK an-LK opez-de-Hierro et al: [20] :
). Let X be a nonempty set and T a self-mapping on X. A binary relation R defined on X is called T -transitive if for any x; y;´2 X, .T x; T y/; .T y; T´/ 2 R ) .T x; T´/ 2 R: 63 Henceforth, the notions of 'T -transitivity' and 'locally finitely transitivity' are not only weaker as compared to transitivity but they are also independent of each other. In order to make them compatible, we introduce the following notion of transitivity:
Definition 11. Let X be a nonempty set and T a self-mapping on X. A binary relation R defined on X is called locally finitely T -transitive if for each (effectively)
The following result establishes the superiority of the idea of 'locally finitely Ttransitivity' over other variants of 'transitivity': Proposition 1. Let X be a nonempty set, R a binary relation on X and T a selfmapping on X.
RELEVANT NOTIONS AND AUXILIARY RESULTS
In this section, for the sake of completeness, we summarize some relevant definitions and basic results for our subsequent discussion:
). Let R be a binary relation on a nonempty set X and x; y 2 X. We say that x and y are R-comparative if either .x; y/ 2 R or .y; x/ 2 R. We denote it by OEx; y 2 R. Definition 13 ([13] ). Let X be a nonempty set and R a binary relation on X.
(1) The inverse or transpose or dual relation of R, denoted by R 1 , is defined by 
). Let X be a nonempty set and T a self-mapping on X . A binary relation R defined on X is called T -closed if for any x; y 2 X , .x; y/ 2 R ) .T x; T y/ 2 R:
. Let X be a nonempty set equipped with a binary relation R and T a self-mapping on X such that R is T -closed, then R s is also T -closed.
Proposition 4 ([4]
). Let X be a nonempty set, R a binary relation on X and T a self-mapping on X. If R is T -closed, then for all n 2 N 0 , R is also T n -closed, where T n denotes nth iterate of T .
Definition 16 ([3]
). Let .X; d / be a metric space and R a binary relation on X . We say that .X; d / is R-complete if every R-preserving Cauchy sequence in X converges.
Clearly, every complete metric space is R-complete with respect to a binary relation R. Particularly, under the universal relation the notion of R-completeness coincides with usual completeness.
Definition 17 ([3]
). Let .X; d / be a metric space and R a binary relation on X with
Clearly, every continuous mapping is R-continuous, for any binary relation R. Particularly, under the universal relation the notion of R-continuity coincides with usual continuity.
The following notion is a generalization of d -self-closedness of a partial order relation . / contained in Turinici [23, 24] :
). Let .X; d / be a metric space. A binary relation R defined on X is called d -self-closed if for any R-preserving sequence fx n g such that x n d ! x, there exists a subsequence fx n k g of fx n g with OEx n k ; x 2 R 8 k 2 N 0 :
). Let X be a nonempty set and R a binary relation on X. A subset E of X is called R-directed if for each x; y 2 E, there exists´2 X such that .x;´/ 2 R and .y;´/ 2 R. Definition 20 ([12] ). Let X be a nonempty set and R a binary relation on X. For x; y 2 X, a path of length k (where k is a natural number) in R from x to y is a finite sequence f´0;´1;´2; :::;´kg X satisfying the following:
Notice that a path of length k involves k C 1 elements of X, although they are not necessarily distinct.
Definition 21 ([3]
). Let X be a nonempty set and R a binary relation on X: A subset E of X is called R-connected if for each pair x; y 2 E, there exists a path in R from x to y.
Given a binary relation R and a self-mapping T on a nonempty set X , we use the following notations:
.i / F .T /=the set of all fixed points of T , .i i / X.T; R/ WD fx 2 X W .x; T x/ 2 Rg. The following result is a relation-theoretic version of Banach contraction principle: 3] ). Let .X; d / be a metric space, R a binary relation on X and T a self-mapping on X. Suppose that the following conditions hold:
.a/ . We skip the proof of above proposition as it is similar to that of Proposition 2.3 in [2] . Proposition 6 ([5]). Let 2˚: If ft n g .0; 1/ is a sequence such that t nC1 Ä .t n / 8 n 2 N 0 , then lim n!1 t n D 0:
Finally, we record the following two known results, which are needed in the proof of our main results:
). Let .X; d / be a metric space and fx n g a sequence in X. If fx n g is not a Cauchy sequence, then there exist > 0 and two subsequences fx n k g and fx m k g of fx n g such that .i / k Ä m k < n k 8 k 2 N, .i i / d.x m k ; x n k / ; .i i i / d.x m k ; x p k / < 8 p k 2 fm k C 1; m k C 2; :::; n k 2; n k 1g:
In addition to this, if fx n g also verifies lim 26]). Let X be a nonempty set, R a binary relation on X and f´ng is an R-preserving sequence in X. If R is a N -transitive on Z WD f´n W n 2 N 0 g for some natural number N 2, then .´n;´n C1Cr.N 1/ / 2 R 8 n; r 2 N 0 :
MAIN RESULTS
Firstly, we prove a result on the existence of fixed points for the class˚(described earlier) of nonlinear contractions employing a locally finitely T -transitive binary relation, which runs as follows: Proof. As X.T; R/ is nonempty, one can choose x 0 2 X.T; R/. Construct a sequence fx n g of Picard iteration based at the initial point x 0 , i:e:;
x n D T n .x 0 / 8 n 2 N 0 :
(4.1)
As .x 0 ; T x 0 / 2 R, using T -closedness of R and Proposition 4, we get
Therefore the sequence fx n g is R-preserving. Now, if d.x n 0 C1 ; x n 0 / D 0 for some n 0 2 N 0 , then in view of (4.1), we have
so that x n 0 is a fixed point of T and hence we are done.
On the other hand, if d.x nC1 ; x n / > 0 8 n 2 N 0 ; then applying the contractivity condition .e/ to (4.2), we deduce, for all n 2 N 0 that d.x nC2 ; x nC1 / Ä .d.x nC1 ; x n //: Now, we show that fx n g is a Cauchy sequence. In fact, suppose that fx n g is not Cauchy. Therefore, owing to Lemma 1, there exist > 0 and two subsequences fx n k g and fx m k g of fx n g such that k Ä m k < n k , d.x m k ; x n k / and d.x m k ; x p k / < where p k 2 fm k C 1; m k C 2; :::; n k 2; n k 1g: Further, in view of (4.4) and Lemma 1, we infer
In view of (4.1), fx n g T .X / and hence the range E WD fx n W n 2 N 0 g (of the sequence fx n g) is a denumerable subset of T .X /. Hence by locally finitely Ttransitivity of R, there exists a natural number N D N.E/ 2, such that Rj E is N -transitive.
As m k < n k and N 1 > 0, we have by the Division Rule
Here k and Á k are suitable natural numbers such that Á k can assume any finite positive integral value in interval .1; N . Hence, without loss of generality, we can choose subsequences fx n k g and fx m k g of fx n g (satisfying (4.5)) such that Á k remains constant, say Á, which is independent of k. Write
where Á .1 < Á Ä N / is constant.
Owing to (4.5) and (4.6), we obtain
In view (4.6) and Lemma 2, we have .x m k ; x m 0 k / 2 R: Denote ı k D d.x m k ; x m 0 k /: Now, owing to (4.1) and assumption .e/, we have
Utilizing ı k ! as k ! 1 (in view of (4.7)) and the definition of˚, we have lim sup
.t / < : (4.10)
On taking limit superior as k ! 1 in (4.9) besides using (4.8) and (4.10), we obtain
which is a contradiction so that the sequence fx n g is Cauchy. Hence, fx n g is an R-preserving Cauchy sequence. By R-completeness of .X; d /, 9 x 2 X such that
x n d ! x. Finally, we claim that x is a fixed point of T . To substantiate this, suppose that T is R-continuous. As fx n g is R-preserving with x n d ! x, R-continuity of T implies that x nC1 D T .x n / d ! T .x/. Using the uniqueness of limit, we obtain T .x/ D x, i:e:; x is a fixed point of T .
Alternately, assume that R is d -self-closed. As fx n g is R-preserving such that
x n d ! x, the d -self-closedness of R guarantees the existence of a subsequence fx n k g of fx n g with OEx n k ; x 2 R .8 k 2 N 0 /: On using assumption .e/, Proposition 5 and OEx n k ; x 2 R, we have d.x n k C1 ; T x/ D d.T x n k ; T x/ Ä .d.x n k ; x// 8 k 2 N 0 :
We assert that
On account of two different possibilities occurring here, we consider a partition of N i:e:
In case .i /, we have d.T x n k ; T x/ D 0 Ä d.x n k ; x/ 8 k 2 N 0 : In case .i i /, and definition of˚, we have d.x n k C1 ; T x/ Ä .d.x n k ; x// < d.x n k ; x/ for all k 2 N C : Hence in both the cases, we get d.x n k C1 ; T x/ Ä d.x n k ; x/ 8 k 2 N; which by using the fact that x n k d ! x as k ! 1, yields that x n k C1 d ! T .x/. Again, owing to the uniqueness of limit, we obtain T .x/ D x so that x is a fixed point of T . This completes the proof.
Remark 1. Clearly, 2˚utilized in Theorem 4 can be alternatively replaced by the following ones:
.i / is a continuous control function, .i i / is an upper semi continuous control function, .i i i / is a control function satisfying lim r!t .r/ < t for each t > 0:
In view of above remark, that Theorem 4 extends Theorem 1 (by taking R D , partial order). In view of Proposition 1, we obtain the following consequence of Theorem 4. .i / R is transitive,
Now, we establish a uniqueness result corresponding to Theorem 4.
Theorem 5. In addition to the hypotheses of Theorem 4, suppose that the following condition holds:
.u/ : T .X / is R s -connected. Then T has a unique fixed point.
Proof. In view of Theorem 4, F .T / ¤ ¿. Take x; y 2 F .T /, then for all n 2 N 0 , we have T n .x/ D x and T n .y/ D y:
(4.11)
By assumption .u/, there exists a path (say f´0;´1;´2; :::;´kg) of some finite length k in R s from x to y so that 0 D x;´k D y and OE´i ;´i C1 2 R for each i .0 Ä i Ä k 1/:
As R is T -closed, using Propositions 3 and 4, we have OET n´i ; T n´i C1 2 R for each i .0 Ä i Ä k 1/ and for each n 2 N 0 : (4.13)
Now, for each n 2 N 0 and for each i .0 Ä i Ä k 1/, write t i n WD d.T n´i ; T n´i C1 /. We assert that lim n!1 t i n D 0:
(4.14)
With i fixed, we distinguish two cases. Firstly, suppose that t i n 0 D d.T n 0´i ; T n 0´i C1 / D 0 for some n 0 2 N 0 , i:e:; T n 0 .´i / D T n 0 .´i C1 /, which implies that T n 0 C1 .´i / D T n 0 C1 .´i C1 /. Consequently, we get t i n 0 C1 D d.T n 0 C1´i ; T n 0 C1´i C1 / D 0. Thus by induction on n, we get t i n D 0 8 n n 0 ; so that lim n!1 t i n D 0. Secondly, suppose that t i n > 0 8 n 2 N 0 . Then on using (4.13), assumption .e/ and Proposition 5, we have
Using (4.15) and Proposition 6, we have lim n!1 t i n D 0; for each i .0 Ä i Ä k 1/:
Hence in both the cases, (4.14) is proved. Making use of (4.11), (4.12), (4.14) and the triangular inequality, we have
n ! 0 as n ! 1 so that x D y. Hence T has a unique fixed point. .u 0 / Rj T .X / is complete, .u 00 / T .X / is R s -directed. A proof of above corollary can be outlined on the lines of the proof of Corollary 3.4 contained in [4] .
The following example is adopted to exhibit and substantiate the utility of Theorems 4 and 5 over corresponding earlier known results. Hence T and satisfy the assumption (e) of Theorem 5. It is easy to see that, rest of the conditions of Theorem 5 are also satisfied and T has a unique fixed point (namely:
x D 0). As the relation R is not partial order and also T is not a linear contraction, Example 1 can not be covered by Theorems 1 and 3, which demonstrate the utility of our newly proved results. Now, we deduce some special cases, which are well known fixed point theorems of the existing literature. . Notice that T -closedness of R is equivalent to R-preserving property of T and d -selfclosedness of R is slightly weaker than .R 1 ; R 2 /-regularity of .X; d /. (4) Setting R to be locally finitely transitive binary relation in Theorem 4, we obtain an analogue of a fixed point theorem of Turinici [26] for the nonlinear class˚.
In an attempt to extend Theorem 3 from linear contractions to a nonlinear contractions (under the class˚), we additionally do require locally finitely T -transitivity of R (optimal condition), which substantiates the utility of the present extension. For possible problems, readers may attempt to prove such results for other type of nonlinear contractions.
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